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Fig. 1. 3-user MAC channel and rate regions

The considered 3-user MAC channel is displayed in Fig. 1
(a), user ai (i ∈ {1, 2, 3}) transmit message with rate R using
power ρai , denote ηi = 2iR − 1. Letting Hi = ρai |hb,ai |2
for i ∈ {1, 2, 3} leads to Hi ∼ Gamma(αi, βi), where βi =

αi
Ωb,aiρai

. Then the probability density function (PDF) of Hi

is [1]

fX(x) =
(βi)

αixαi−1e−βix

Γ(αi)
, x ≥ 1

2
, i ∈ {1, 2, 3}, (1)

in which Γ(αi) = (αi − 1)!. The associated cumulative
distribution function (CDF) is [2]

F (x;αi, βi)=1−
αi−1∑
j=0

(βix)j

j!
e−βix, i ∈ {1, 2, 3}. (2)

The probability that the receiver b can correctly decode all
transmitters a1, a2 and a3 is denoted by P̃123. Using the
definitions of individual error probability [3], P̃123 can be
calculated as P̃123 = Pr{E1,A, E2,Ā|A = {a1, a2, a3},L =
{a1, a2, a3}}, i.e.

P̃123=Pr
{

log2 (1+Hi)>R, log2 (1+Hi+Hj)>2R,

log2 (1+H1+H2+H3)>3R
}

=Pr
{
Hi>2R−1, Hi+Hj>22R−1,

H1+H2+H3>23R−1,∀i, j∈{1, 2, 3}, i 6= j
}
.

The integration region can be divided into six non-
overlapping sub-regions as Fig. 1 (b), denoted by A11 to A16

respectively. The coordinates of point A ∼ F are respectively
A(η3 − η2, η2 − η1, η1), B(η2 − η1, η3 − η2, η1), C(η3 −
η2, η1, η2−η1), D(η1, η3−η2, η2−η1), E(η2−η1, η1, η3−η2),
F (η1, η2 − η1, η3 − η2). The regions of A11 to A16 are
three-dimensional which consist of sectional area (H2, H3)
and height (H1). To represent simply and clearly, we use

some signals to replace long expressions. Here we denote
σ1 = α2 + i− j, specifically, we have

P{A11}=
∫ η2−η1

η1

∫ η3−η2

η2−x3

∫ ∞
η3−x2−x3

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3(x3)dx1dx2dx3

=

∫ η2−η1

η1

∫ η3−η2

η2−x3

(1− F (η3−x2−x3;α1, β1))

· (β2)α2xα2−1
2 e−β2x2

Γ(α2)
dx2fH3

(x3)dx3

=

∫ η2−η1

η1

∫ η3−η2

η2−x3

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
(−1)i−j

i!

·βi1(η3−x3)jxσ1−1
2 e−(β2−β1)x2dx2fH3

(x3)dx3.

When β1 = β2, then the above expression is simply

P{A11}=
∫ η2−η1

η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!σ1

·(η3−x3)j ((η3−η2)σ1−(η2−x3)σ1) fH3
(x3)dx3

=P{A1
11} − P{A2

11}, (3)

P{A1
11}=

∫ η2−η1

η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!σ1

·(η3−x3)j(η3−η2)σ1
βα3

3 xα3−1
3 e−β3x3

Γ(α3)
dx3

=

∫ η2−η1

η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!σ1

·
j∑
l=0

(
j

l

)
(−1)j−lηl3(η3−η2)σ1xσ2−1

3 e−(β3−β1)x3dx3.

in which σ2 = α3+j−l and β′ = β3−β1, if β′ = 0 (β3 = β1),
we can get P{A1

11} as

P{A1
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
(β1)i(−1)i−l

i!σ1σ2

·ηl3(η3 − η2)σ1 ((η2 − η1)σ2 − ησ2
1 ) .

if β′ 6= 0 (β3 6= β1), we can get P{A1
11} as

P{A1
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
(β1)i(−1)i−l

i!σ1(β′)σ2

·ηl3(η3−η2)σ1Γ(σ2)(F (η2−η1;σ2,β
′)−F (η1;σ2,β

′)) .



For P{A2
11}, when β1 = β2, we have

P{A2
11}=

∫ η2−η1

η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1η

l
3

i!σ1

·
σ1∑
p=0

(
σ1

p

)
(−1)σ1+i−l−pηp2x

σ3−1
3 e−β

′x3dx3,

where σ3 = α2 +α3 + i− l− p and β′ = β3 − β1. If β′ = 0,
we can get P{A2

11} as

P{A2
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

σ1∑
p=0

(
σ1

p

)(
j

l

)(
i

j

)
βi1η

l
3

i!σ1σ3

·(−1)σ1+i−l−pηp2 ((η2 − η1)σ3−ησ3
1 ) .

if β′ 6= 0, we can get P{A2
11} as

P{A2
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

σ1∑
p=0

(
σ1

p

)(
j

l

)(
i

j

)
βi1η

l
3

i!σ1(β′)σ3

· (−1)σ1+i−l−pηp2Γ(σ3)

· (F (η2 − η1;σ3, β
′)− F (η1;σ3, β

′)) .

When β1 and β2 are not the same, then we can obtain

P{A11}=
∫ η2−η1

η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!(β2−β1)σ1

·(η3−x3)jΓ(σ1) (F (η3 − η2;σ1, β2−β1)

−F (η2−x3;σ1, β2−β1)) fH3
(x3)dx3.

Set F ′ (x;α, β) = 1 − F (x;α, β), then P{A11} can be
expressed as

P{A11}=
∫ η2−η1

η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
(β1)i(−1)i−j

i!(β2−β1)σ1

·(η3−x3)jΓ(σ1) (F ′ (η2−x3;σ1, β2−β1)

−F ′ (η3 − η2;σ1, β2−β1)) fH3
(x3)dx3

=P{A1
11} − P{A2

11}. (4)

P{A1
11}=

∫ η2−η1

η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
j∑
l=0

(
j

l

)
(−1)i−lηl3e

−(β2−β1)η2

σ1−1∑
p=0

p∑
q=0

(
p

q

)
· (β2 − β1)p(−1)p−qηq2

p!
x
σ′
2−1

3 e−(β3−β2)x3dx3,

in which σ′2 = α3 + j− l+p− q and β̂′ = β3−β2, if β̂′ = 0,
P{A1

11} can be calculated as

P{A1
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
j∑
l=0

σ1−1∑
p=0

p∑
q=0

(
p

q

)(
j

l

)
(−1)i−lηl3e

−(β2−β1)η2

p!σ′2

·(β2 − β1)p(−1)p−qηq2

(
(η2 − η1)σ

′
2 − ησ

′
2

1

)
.

if β̂′ 6= 0, P{A1
11} can be calculated as

P{A1
11}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)e−(β2−β1)η2

i!(β2−β1)σ1

·
j∑
l=0

σ1−1∑
p=0

p∑
q=0

(
p

q

)(
j

l

)
(−1)i−l+p−qηl3(β2−β1)pηq2

p!(β̂′)σ
′
2

·Γ(σ′2)
(
F
(
η2 − η1;σ′2, β̂

′
)
− F

(
η1;σ′2, β̂

′
))

.

For P{A2
11}, when β1 6= β2, we have

P{A2
11}=

∫ η2−η1

η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
j∑
l=0

(
j

l

)
(−1)i−lηl3 (1−F (η3−η2;σ1, β2−β1))

· xσ2−1
3 e−(β3−β1)x3dx3 (5)

if β′ = β3 − β1 = 0, we get

P{A2
11}=

βα2
2 βα3

3 e−β2η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1Γ(σ1)ηl3
i!(β2−β1)σ1

· (−1)i−l

σ2
F ′(η3−η2;σ1, β2−β1)((η2−η1)σ2−ησ2

1 ) .

otherwise β′ 6= 0, we get

P{A2
11}=

βα2
2 βα3

3 e−β2η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1Γ(σ1)ηl3
i!(β2−β1)σ1

·Γ(σ2)(−1)i−l

(β′)σ2
(1− F (η3 − η2;σ1, β2 − β1))

· (F (η2 − η1;σ′2, β
′)− F (η1;σ2, β

′)) .

P{A12}=
∫ η2−η1

η1

∫ ∞
η3−η2

∫ ∞
η2−x3

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3(x3)dx1dx2dx3

=

∫ η2−η1

η1

∫ ∞
η3−η2

(1− F (η2−x3;α1, β1))

·β
α2
2 xα2−1

2 e−β2x2

Γ(α2)
dx2 · fH3

(x3)dx3

=

∫ η2−η1

η1

(1− F (η2−x3;α1, β1))

· (1− F (η3 − η2;α2, β2)) · fH3
(x3)dx3

=

∫ η2−η1

η1

βα3
3 e−β1η2

Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−jηj2

i!

· (1−F (η3−η2;α2,β2))xσ̀1−1
3 e−(β3−β1)x3dx3(6)

where σ̀1 = α3 +i−j. Again there are two kind of conditions,
one is β′ = β3 − β1 = 0, then we have

P{A12}=
βα3

3 e−β1η2

Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−jηj2

i!ὰ1

·
(

(η2−η1)ὰ1 − ηὰ1
1

)
(1−F (η3−η2;α2, β2)) ,



the other one is when β3 not equal to β1, we have

P{A12}=
βα3

3 e−β1η2

Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−jηj2Γ(σ̀1)

i!(β′)σ̀1

· (F (η2−η1;σ̀1,β
′)−F (η1;σ̀1,β

′))F ′(η3−η2;α2,β2) .

P{A13} is similar to P{A11}, we can take the same process
and change corresponding value of integrals to obtain P{A13}
straightly.

P{A13}=
∫ η3−η2

η2−η1

∫ η3−η1−x3

η1

∫ ∞
η3−x2−x3

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=

∫ η3−η2

η2−η1

∫ η3−η1−x3

η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
(−1)i−j

i!

·βi1(η3−x3)jxσ1−1
2 e−(β2−β1)x2dx2fH3(x3)dx3 (7)

When β1 = β2, then the above expression is simply

P{A13}=
∫ η3−η2

η2−η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!σ1

·(η3−x3)j ((η3 − η1 − x3)σ1−ησ1
1 ) fH3(x3)dx3

=P{A1
13} − P{A2

13}.

P{A2
13}=

∫ η3−η2

η2−η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
ησ1

1

σ1

·β
i
1(−1)i−j(η3−x3)j

i!

βα3
3 xα3−1

3 e−β3x3

Γ(α3)
dx3

=

∫ η3−η2

η2−η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
ησ1

1

i!σ1

·βi1(−1)i−lηl3x
σ2−1
3 e−(β3−β1)x3dx3,

if β′ = 0 (β3 = β1), we can get P{A2
13} as

P{A2
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1(−1)i−l

i!σ1σ2

·ηl3η
σ1
1 ((η3−η2)σ2−(η2−η1)σ2) .

otherwise β′ 6= 0 (β3 6= β1), we can get P{A2
13} as

P{A2
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1(−1)i−lΓ(σ2)

i!σ1(β′)σ2

·ηl3η
σ1
1 (F (η3 − η2;σ2, β

′)−F (η2 − η1;σ2, β
′)) .

For P{A1
13}, when β1 = β2, we have

P{A1
13}=

∫ η3−η2

η2−η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1η

l
3

i!σ1

·
σ1∑
p=0

(
σ1

p

)
(−1)σ1+i−l−p(η3−η1)pxσ3−1

3 e−β
′x3dx3.

if β′ = β3 − β1 = 0, we can get P{A1
13} as

P{A1
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

σ1∑
p=0

(
σ1

p

)(
j

l

)(
i

j

)
βi1η

l
3

i!σ1σ3

·(−1)σ1+i−l−p(η3−η1)p ((η3−η2)σ3−(η2−η1)σ3) .

otherwise β′ 6= 0, we can get P{A1
13} as

P{A1
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

σ1∑
p=0

(
σ1

p

)(
j

l

)(
i

j

)
βi1η

l
3Γ(σ3)

i!σ1(β′)σ3

· (−1)σ1+i−l−p(η3−η1)p

· (F (η3−η2;σ3, β
′)−F (η2−η1;σ3, β

′)) .

When β1 and β2 are not the same, then we can obtain

P{A13}=
∫ η3−η2

η2−η1

βα2
2 e−β1(η3−x3)

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−j

i!(β2−β1)σ1

· (η3−x3)jΓ(σ1) (F ′ (η1;σ1, β2−β1)

−F ′ (η3−η1−x3;σ1, β2−β1)) fH3(x3)dx3

=P{A1
13} − P{A2

13}. (8)

P{A2
13}=

∫ η3−η2

η2−η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
j∑
l=0

σ1−1∑
p=0

p∑
q=0

(
p

q

)(
j

l

)
(−1)i−lηl3e

−(β2−β1)(η3−η1)

p!

·(β2−β1)p(−1)p−q(η3 − η1)qx
σ′
2−1

3 e−β̂
′x3dx3.

if β̂′ = β3 − β2 = 0, P{A2
13} can be calculated as

P{A2
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
i

j

)(
j

l

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
σ1−1∑
p=0

p∑
q=0

(
p

q

)
(−1)i−l+p−qηl3e

−(β2−β1)(η3−η1)

p!σ′2

·(β2−β1)p(η3−η1)q
(

(η3−η2)σ
′
2−(η2−η1)σ

′
2

)
.

if β̂′ 6= 0, P{A2
13} can be calculated as

P{A2
13}=

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1Γ(σ1)

i!(β2−β1)σ1

·
σ1−1∑
p=0

p∑
q=0

(
p

q

)
(−1)i−l+p−qηl3e

−(β2−β1)(η3−η1)

p!(β̂′)σ
′
2

· (β2−β1)p(η3−η1)qΓ(σ′2)

·
(
F
(
η3−η2;σ′2, β̂

′
)
−F

(
η2−η1;σ′2, β̂

′
))

.

For P{A1
13}, when β1 6= β2, we have

P{A1
13}=

∫ η3−η2

η2−η1

βα2
2 βα3

3 e−β1η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1Γ(σ1)(−1)i−l

i!(β2−β1)σ1

·
j∑
l=0

(
j

l

)
ηl3F

′(η1;σ1, β2−β1)xσ2−1
3 e−β

′x3dx3 (9)



if β′ = β3 − β1 = 0, we get

P{A1
13}=

βα2
2 βα3

3 e−β2η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1(−1)i−lΓ(σ1)

i!(β2−β1)σ1σ2

·ηl3F ′ (η1;σ1, β2−β1) ((η3−η2)σ2−(η2−η1)σ2) .

otherwise β′ 6= 0, we get

P{A1
13}=

βα2
2 βα3

3 e−β2η3

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi1(−1)i−l

i!

· Γ(σ1)Γ(σ2)

(β2−β1)σ1(β′)σ2
ηl3 (1−F (η1;σ1, β2−β1))

· (F (η3 − η2;σ2, β
′)− F (η2 − η1;σ2, β

′)) .

According to symmetry of P{A12} and P{A15}, we can
obtain P{A15} just to exchange each subscript’s position
which is 2 or 3 in P{A12}. P{A14} is similar to P{A12},
therefore, we do not discuss them in detail, only to represent
computational results. when β1 and β2 of P{A15}, β2 and β3

of P{A14} are respectively the same, the expression can be
obtained as

P{A14}=
∫ η3−η2

η2−η1

∫ ∞
η3−η1−x3

∫ ∞
η1

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=
βα3

3 e−β2(η3−η1)

Γ(α3)

α2−1∑
i=0

i∑
j=0

(
i

j

)
βi2(−1)i−j(η3 − η1)j

i!σ̀1

·
(
(η3−η2)σ̀1−(η2−η1)σ̀1

)
(1−F (η1;α1, β1)) , (10)

P{A15}=
∫ ∞
η3−η2

∫ η2−η1

η1

∫ ∞
η2−x3

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=
βα2

2 e−β1η2

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−jηj2

i!σ1

· ((η2−η1)σ1−ησ1
1 ) (1−F (η3−η2;α3, β3))(11)

when β1 and β2 of P{A15}, β2 and β3 of P{A14} are not
equivalent to each other, then we can obtain

P{A14}=
βα3

3 e−β2(η3−η1)

Γ(α3)

α2−1∑
i=0

i∑
j=0

(
i

j

)
βi2(−1)i−j(η3−η1)jΓ(σ̀1)

i!(β̂′)σ̀1

·
(
F
(
η3−η2;σ̀1,β̂′

)
−F

(
η2−η1;σ̀1,β̂′

))
F ′(η1;α1,β1) ,

P{A15}=
βα2

2 e−β1η2

Γ(α2)

α1−1∑
i=0

i∑
j=0

(
i

j

)
βi1(−1)i−jηj2Γ(σ1)

i!(β2−β1)σ1

· (F (η2−η1;σ1, β2−β1)− F (η1;σ1, β2−β1))

· (1− F (η3−η2;α3, β3)) ,
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Fig. 2. Rate regions of 3-user MAC channel

Finally, P{A16} is a simple integral as

P{A16}=
∫ ∞
η3−η2

∫ ∞
η2−η1

∫ ∞
η1

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=(1− F (η1;α1, β1)) (1− F (η2 − η1;α2, β2))

· (1− F (η3 − η2;α3, β3)) . (12)

As a result, we obtanin P̃123 as

P̃123 = P{A11}+P{A12}+P{A13}
+P{A14}+P{A15}+P{A16} (13)

The probability of b can decode a1 and a2 but not a3 is denoted
as P̃123̄ = Pr{E1,A, E2,Ā : A = {a1, a2},L = {a1, a2, a3}},
i.e.,

P̃123̄ = Pr
{

log2

(
1+

H1

1+H3

)
>R, log2

(
1+

H2

1+H3

)
>R,

log2

(
1 +

H1 +H2

1 +H3

)
> 2R, log2 (1 +H3) < R}

=P
{
H1

1+H3
>2R−1,

H2

1+H3
>2R−1,

H1+H2

1 +H3
>22R−1, H3<2R − 1

}
,

To derive the probability, we need to calculate two indepen-
dent subregions A21 and A22 , from Fig. 2 (a) we know that the
integral regions are three-dimensional, axis H1 and H2 consist
of the plane, the height is between 0 and point A(H1, H2, η1),



therefore

P{A21}=
∫ η1

0

∫ (η2−η1)(1+x3)

η1(1+x3)

∫ ∞
η2(1+x3)−x2

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3(x3)dx1dx2dx3

=

∫ η1

0

∫ (η2−η1)(1+x3)

η1(1+x3)

∫ ∞
η2(1+x3)−x1

fH2|x1,x3
(x2)

· fH1|x3
(x1)fH3

(x3)dx1dx2dx3

=

∫ η1

0

∫ (η2−η1)(1+x3)

η1(1+x3)

(1−F (η2(1+x3)−x1;α2, β2))

· β
α1
1 xα1−1

1 e−β1x1

Γ(α1)
dx1fH3

(x3)dx3

=

∫ η1

0

∫ (η2−η1)(1+x3)

η1(1+x3)

βα1
1 e−β2η2(1+x3)

Γ(α1)

α2−1∑
i=0

i∑
j=0

(
i

j

)
· β

i
2(−1)i−j(η2(1+x3))j

i!
· xσ́1−1

1 e−(β1−β2)x1dx1fH3(x3)dx3. (14)

in which σ́1 = α1 + i− j. When β1 − β2 = 0, it is simple to
obtain that

P{A21}=
∫ η1

0

βα1
1 e−β2η2(1+x3)

Γ(α1)

α2−1∑
i=0

i∑
j=0

(
i

j

)
βi2(−1)i−j

i!σ́1

·(η2(1 + x3))j
(
((η2 − η1)(1 + x3))σ́1

−(η1(1 + x3))σ́1
) βα3

3 xα3−1
3 e−β3x3

Γ(α3)
dx3

=P{A1
21} − P{A2

21}. (15)

To simply represent P{A1
21} and P{A2

21}, set σ́3 = α1 +α3 +
i− l − p and β̀ = β3 + β2(22R − 1), then we obtain that

P{A1
21}=

∫ η1

0

βα1
1 βα3

3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

σ́1∑
p=0

(
σ́1

p

)(
j

l

)(
i

j

)
·β
i
2(−1)i−j

i!σ́1
ηj2(η2 − η1)σ́1xσ́3−1

3 e−β̀x3dx3

=
βα1

1 βα3
3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

σ́1∑
p=0

(
σ́1

p

)(
j

l

)(
i

j

)
·β
i
2(−1)i−jΓ(σ́3)

i!σ́1(β̀)σ́3

ηj2(η2 − η1)σ́1F
(
η1; σ́3, β̀

)
,

P{A2
21}=

∫ η1

0

βα1
1 βα3

3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

σ́1∑
p=0

(
σ́1

p

)(
j

l

)(
i

j

)
· β

i
2(−1)i−j

i!σ́1
ηj2η

σ́1
1 xσ́3−1

3 e−β̀x3dx3

=
βα1

1 βα3
3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

σ́1∑
p=0

(
σ́1

p

)(
j

l

)(
i

j

)
·β
i
2(−1)i−jΓ(σ́3)

i!σ́1(β̀)σ́3

ηj2η
α′

1 F
(
η1; σ́3, β̀

)
.

When β1 − β2 6= 0, we obtain that

P{A21}=
∫ η1

0

βα1
1 e−β2η2(1+x3)

Γ(α1)

α2−1∑
i=0

i∑
j=0

(
i

j

)
Γ(σ́1)βi2(−1)i−j

i!(β1−β2)σ́1

·(η2(1 + x3))j (F ′ (η1(1 + x3); σ́1, β1−β2)

−F ′((η2−η1)(1+x3);σ́1, β1−β2))
βα3

3 xα3−1
3 e−β3x3

Γ(α3)
dx3

=P{A1
21} − P{A2

21}. (16)

To simply represent P{A1
21} and P{A2

21} , set σ′2 = α3 +
j − l + p − q and β̄ = β3 + β2(22R − 2R) + β1(2R − 1),
β̃ = β3 + β1(22R − 2R) + β2(2R − 1), then we obtain that

P{A1
21}=

∫ η1

0

βα1
1 βα3

3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi2(−1)i−j

i!

· ηj2Γ(σ́1)

(β1−β2)σ́1

σ́1−1∑
p=0

p∑
q=0

(
p

q

)
((β1−β2)η1)p

p!

· e−(β1−β2)η1xσ́2−1
3 e−β̄x3dx3

=
βα1

1 βα3
3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi2(−1)i−j

i!

· ηj2Γ(σ́1)

(β1−β2)σ́1

σ́1−1∑
p=0

p∑
q=0

(
p

q

)
((β1−β2)η1)p

p!(β̄)σ́2

· e−(β1−β2)η1Γ(σ́2)F
(
η1; σ́2, β̄

)
,

P{A2
21}=

∫ η1

0

βα1
1 βα3

3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi2(−1)i−j

i!

· η
j
2Γ(σ́1)

(β1−β2)σ́1

σ́1−1∑
p=0

p∑
q=0

(
p

q

)
((β1−β2)(η2 − η1))p

p!

·e−(β1−β2)(η2−η1)xσ́2−1
3 e−β̃x3dx3

=
βα1

1 βα3
3 e−β2η2

Γ(α1)Γ(α3)

α2−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βi2(−1)i−j

i!

· η
j
2Γ(σ́1)

(β1−β2)σ́1

σ́1−1∑
p=0

p∑
q=0

(
p

q

)
((β1−β2)(η2 − η1))pΓ(σ́2)

p!(β̃)σ́2

·e−(β1−β2)(η2−η1)F
(
η1; σ́2, β̃

)
,

To obtain P{A22}, set σ′2 = α3 + i − j + p − q and β̃ =



β3 + β2(2R − 1) + β1(22R − 2R), then we can get

P{A22}=
∫ η1

0

∫ ∞
(η2−η1)(1+x3)

∫ ∞
η1(1+x3)

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=

∫ η1

0

∫ ∞
(η2−η1)(1+x3)

∫ ∞
η1(1+x3)

fH2|x1,x3
(x2)

· fH1|x3
(x1)fH3

(x3)dx1dx2dx3

=

∫ η1

0

(1−F (η1(1+x3);α2, β2))

· (1−F ((η2 − η1)(1+x3);α1, β1)) fH3
(x3)dx3

=

∫ η1

0

βα3
3 e−β1(η2−η1)e−β2η1

Γ(α3)

α2−1∑
i=0

i∑
j=0

(
i

j

)
(β2η1)i

i!

·
α1−1∑
p=0

p∑
q=0

(
p

q

)
(β1(η2 − η1))p

p!
xσ́2−1

3 e−β̃x3dx3

=
βα3

3 e−β1(η2−η1)e−β2η1

Γ(α3)

α2−1∑
i=0

i∑
j=0

(
i

j

)
(β2η1)i

i!

·
α1−1∑
p=0

p∑
q=0

(
p

q

)
(β1(η2−η1))pΓ(σ́2)

p!(β̃)σ́2

F
(
η1; σ́2, β̃

)
.(17)

Finally, from P̃123̄ = P{A21}+P{A22}, the probability can
be derived. Due to symmetry, we can derive P̃12̄3 and P̃1̄23

from P̃123̄ only to exchange subscript of parameters. Then the
probability of b can decode a1 and but not a2, a3 is denoted
as P̃12̄3̄ = Pr{E1,A, E2,Ā : A = {a1},L = {a1, a2, a3}}, this
is also need to calculate two subregions A31 and A32, the rate
region is as Fig. 2 (b), coordinate of point A is (0, 0, η1(1 +
H2 +H3)), this means integral plane is consist of H2 and H3,
the height is larger than η1(1 +H2 +H3), i.e.,

P̃12̄3̄=Pr
{

log2

(
1+

H1

1+H2+H3

)
>R, log2

(
1+

H2

1+H3

)
<R,

log2

(
1+

H3

1+H2

)
<R, log2(1+H2+H3)<2R}

=Pr
{

H1

1+H2+H3
>2R−1,

H2

1+H3
<2R−1,

H3

1+H2
<2R−1, H2+H3 < 22R−1

}
. (18)

Set that σ̀1 = α3 + i− j and β́ = β3 + β1(2R − 1), P{A31}

can be obtained as

P{A31}=
∫ η1

0

∫ η1(1+x3)

0

∫ ∞
η1(1+x2+x3)

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=

∫ η1

0

∫ η1(1+x2)

0

∫ ∞
η1(1+x2+x3)

fH1|x3,x2
(x1)

· fH3|x2
(x3)fH2(x2)dx1dx2dx3

=

∫ η1

0

∫ η1(1+x2)

0

F ′ (η1(1+x2+x3);α1, β1)

· β
α3
3 xα3−1

3 e−β3x3

Γ(α3)
fH2

(x2)dx2dx3

=

∫ η1

0

∫ η1(1+x2)

0

α1−1∑
i=0

i∑
j=0

(
i

j

)
βα3

3 e−β1η1(1+x2)

i!Γ(α3)

·(β1η1)i(1+x2)jxσ̀1−1
3 e−β

′x3dx3fH2
(x2)dx2

=

∫ η1

0

α1−1∑
i=0

i∑
j=0

(
i

j

)
βα3

3 e−β1η1(1+x2)Γ(σ̀1)

i!Γ(α3)(β́)σ̀1

·(β1η1)i(1+x2)jF
(
η1(1+x2); σ̀1, β́

)
fH2

(x2)dx2

=P{A1
31} − P{A2

31} (19)

For simplicity, set σ́2 = α2 + j − l and β̇ = β2 + β1η1, then
P{A1

31} can be obtained as

P{A1
31}=

∫ η1

0

βα2
2 βα3

3 e−β1η1

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
(β1η1)i

i!(β́)σ̀1

· Γ(σ̀1)xσ́2−1
2 e−β̇x2dx2

=
βα2

2 βα3
3 e−β1η1

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

l∑
j=0

(
j

l

)(
i

j

)
(β1η1)i

i!(β́)σ̀1(β̇)σ́2

·Γ(σ̀1)Γ(σ́2)F
(
η1; σ́2, β̇

)
,

For simplicity, set σ́2
′ = α2 + j− l+ p− q and β̈ = β3(2R−

1) + β2 + β1(22R − 2R), then P{A2
31} can be obtained as

P{A2
31}=

∫ η1

0

βα2
2 βα3

3 e−β1η1

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

!

(
j

l

)(
i

j

)
(β1η1)i

i!(β́)σ̀1

·Γ(σ̀1)

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́η1)p

p!
e−β́η1xσ́2

′−1
2 e−β̈x2dx2

=
βα2

2 βα3
3 e−β1η1

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

l∑
j=0

(
j

l

)(
i

j

)
(β1η1)iΓ(σ̀1)

i!(β́)σ̀1

·
σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́η1)pΓ(σ́2

′)

p!(β̈)σ́2
′ e−β́η1F

(
η1; σ́2

′, β̈
)
,

The first step integral of x1 is the same, set σ̀1 = α3 + i− j



and β́ = β3 + β1(2R − 1). we can directly have

P{A32}=
∫ η2−η1

η1

∫ η2−x3

x3
η1
−1

∫ ∞
η1(1+x2+x3)

fH1|x2,x3
(x1)

· fH2|x3
(x2)fH3

(x3)dx1dx2dx3

=

∫ η2−η1

η1

∫ η2−x2

x2
η1
−1

∫ ∞
η1(1+x2+x3)

fH1|x3,x2
(x1)

· fH3|x2
(x3)fH2(x2)dx1dx2dx3

=

∫ η2−η1

η1

∫ η2−x2

x2
η1
−1

F ′ (η1(1+x2+x3);α1, β1)

· β
α3
3 xα3−1

3 e−β3x3

Γ(α3)
fH2

(x2)dx2dx3

=

∫ η2−η1

η1

∫ η2−x2

x2
η1
−1

α1−1∑
i=0

i∑
j=0

(
i

j

)
βα3

3 e−β1η1(1+x2)

i!Γ(α3)

·(β1η1)i(1+x2)jxσ̀1−1
3 e−β́x3fH2

(x2)dx2dx3

=

∫ η2−η1

η1

α1−1∑
i=0

i∑
j=0

(
i

j

)
βα3

3 e−β1η1(1+x2)

i!Γ(α3)

·(β1η1)i(1+x2)j
Γ(σ̀1)

(β́)σ̀1

(
F ′
(
x2

η1
−1; σ̀1, β́

)
−F ′

(
η2 − x2; σ̀1, β́

))
fH2

(x2)dx2

=P{A1
32} − P{A2

32} (20)

Set σ́2
′ = α2 + j − l+ p− q and β̆ = β3

η1
+ β2 + β1(η1 + 1),

we can get P{A1
32} as

P{A1
32}=

∫ η2−η1

η1

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βα2

2 βα3
3 e−β1η1eβ́

Γ(α2)Γ(α3)

· (β1η1)i

i!

Γ(σ̀1)

(β́)σ̀1

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́)p( 1

η1
)p−q(−1)q

p!

· xσ́2
′−1

2 e−β̆x2dx2

=
βα2

2 βα3
3 e−β1η1eβ́

Γ(α2)Γ(α3)

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
(β1η1)i

i!

·Γ(σ̀1)

(β́)σ̀1

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́)p( 1

η1
)p−q(−1)q

p!

·Γ(σ́2
′)

(β̆)σ́2
′

(
F
(
η2 − η1; σ́2

′, β̆
)
− F

(
η1; σ́2

′, β̆
))

,

Set β̂′1 = β2 − β3, we can get P{A2
32} as

P{A2
32}=

∫ η2−η1

η1

α1−1∑
i=0

i∑
j=0

(
i

j

)
βα2

2 βα3
3 e−β1η1e−β́η2(β1η1)i

i!Γ(α2)Γ(α3)

·
j∑
l=0

(
j

l

)
Γ(σ̀1)

(β́)σ̀1

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́)p(−1)p−qηq2

p!

·xσ́2
′−1

2 e−β̂
′
1x2dx2. (21)

If β2 − β3 = 0, it is simple to obtain

P{A2
32}=

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βα2

2 βα3
3 e−β1η1e−β́η2(β1η1)i

i!Γ(α2)Γ(α3)

·Γ(σ̀1)

(β́)σ̀1

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́)p(−1)p−qηq2

p!σ́2
′(

(η2 − η1)σ́2
′
− (η1)σ́2

′
)
,

If β2 − β3 6= 0, we obtain

P{A2
32}=

α1−1∑
i=0

i∑
j=0

j∑
l=0

(
j

l

)(
i

j

)
βα2

2 βα3
3 e−β1η1e−β́η2(β1η1)i

i!Γ(α2)Γ(α3)

·Γ(σ̀1)

(β́)σ̀1

σ̀1−1∑
p=0

p∑
q=0

(
p

q

)
(β́)p(−1)p−qηq2Γ(σ́2

′)

p!(β̂′1)σ́2
′

·
(
F
(
η2 − η1; σ́2

′, β̂′1

)
− F

(
η1; σ́2

′, β̂′1

))
,

Furthermore, P̃1̄23̄ and P̃1̄2̄3 can be calculated similarly as
above procedure, we can obtain the results only to exchange
some parameters’ subscript, we do dot discuss in detail any-
more. Finally, the probability of b can decode none of them
is denoted asP̃1̄2̄3̄, we can obtain it simply as follows.

P̃1̄2̄3̄ = 1−P̃123−P̃123̄−P̃12̄3−P̃1̄23−P̃12̄3̄−P̃1̄23̄−P̃1̄2̄3(22)
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